



California Institute of Technology
Pasadena, CA 91125 USA
y
y
CALT-68-2172. Work supported in part by the U.S. Dept. of Energy under Grant No.
DE-FG03-92-ER40701
c




1. HQET: Physical Motivation 5
2. HQET: The Eective Field Theory 5
3. 1=m
Q
Corrections to the HQET Lagrangian 8
4. Reparametrization Invariance 10
5. Spectrum of Hadrons Containing a Single Heavy Quark 12
6. v  A = 0 Gauge 13
7. Mass Formulae 15
8. Covariant Representation of Fields 17




Decay in the m
Q
!1 Limit 18
10.Luke's Theorem for the 1=m
Q
Corrections 21
11.Kinematics of Inclusive B Decay 24
12. b-quark Decay 29
13.The Chay{Georgi{Grinstein Theorem 30






1. HQET: Physical Motivation
Heavy quark eective theory (HQET) is the limit of QCD where the heavy
quark mass, m
Q
, goes to innity with its four-velocity v

held xed. This
limit is appropriate for physical systems where there is a heavy quark inter-
acting with light degrees of freedom that typically carry four-momentum
much less than the heavy quark mass. Consider, for example, a meson with
Qq avor quantum numbers. (Here Q denotes a heavy quark and q a light
quark.) The size of such a meson is set by the nonperturbative scale of the
strong interactions, r  1=
QCD
. Hence, by the uncertainty principle, the





If an amount of momentum p
`
is transferred to the heavy quark the change








! 0, in the innite mass
limit. That is why, for the study of such hadrons, an appropriate limit of
QCD involves taking m
Q
!1 and holding the heavy quark's four-velocity
xed. As m
Q
!1 the strong interactions of the heavy quark become in-
dependent of its mass and spin. Consequently there are new spin-avor
symmetries that arise in this limit. These approximate symmetries endow
HQET with predictive power in the nonperturbative regime.
2. HQET: The Eective Field Theory








where Q is the heavy quark eld and D denotes a covariant derivative. We
want to take the limit m
Q
! 1 with xed four-velocity v

. To do this













































































The HQET Feynman rules follow from the above Lagrangian. The heavy
quark propagator is
i














is a color generator. This can also be derived by taking the





v+k , the limit is taken by neglecting the residual
momentum k in comparison with m
Q


























v  k + i"

: (2.7)




































Here we used the fact that the vertex always appears between propagators
so factors of (=v + 1)=2 can be inserted.
HQET is a theory of the heavy quark. The eld Q
v
destroys a heavy
quark but it does not create the corresponding anti-quark. There is no pair
creation in HQET. This follows straightforwardly from the Feynman rules.
Notice that the propagator only has one pole in k
0
. So a closed loop of
heavy quark propagators will have all the poles in the zero component of
the loop momentum integration below the real axis. Thus the integration
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vanishes. (When the contour of this integration is completed in the upper
half plane it encloses no poles.)
We have motivated physically the xed heavy quark velocity superse-
lection rule. Lets now try to motivate it mathematically. To derive the
eective eld theory for a heavy quark of four-velocity v
1
and a heavy


































































































This contributes a negligible amount to the action in the large mass limit
because of the rapid variation of the exponential. Similarly the measure in




















For a given four-velocity v the HQET Lagrangian is independent of
the heavy quark's mass and spin. However, it does depend on the heavy
quark's velocity. All heavy quarks with the same four-velocity interact in
the same way. If there are N heavy quarks at velocity v then the theory
has a SU(2N) spin-avor symmetry [2]. Note that this symmetry is a little
unusual since it relates states at the same velocity but dierent momentum.
Suppose we want to describe an anti-quark instead of a quark. We start













and we anticipate Q
v
will be the eld that creates an anti-quark. Putting
8 M.B. Wise












































Heavy anti-quark Feynman rules follow from this or from taking the ap-





v   k, the heavy anti-quark propagator is
i
















Thus the heavy anti-quark Feynman rules are identical to those for the






. This is expected
since the anti-quark is a color












Corrections to the HQET Lagrangian
There are 1=m
Q
corrections to the HQET Lagrangian. To nd these lets












Factoring out the phase factor is not an approximation it is just a eld




. So to go
beyond leading order in 1=m
Q



















Now the decomposition is completely general. The eld  corresponds
partly to the anti-quark degrees of freedom. Putting this into the QCD















































It is convenient to introduce a notation for the part of a four-vector per-









  (v  V )v

; (3.4)












= 0 we have replaced =D in the





has a mass 2m
Q
and consequently we can integrate it out
of the theory. At tree level this corresponds to solving the equations of
motion to express it in terms of Q
v
. The eld equation
























































































You will often see these formulas written without the ? subscript. That is
because if one works at order 1=m
Q
the equation of motion v  DQ
v
= 0
allows one to write D
?

















































































's can be replaced
































Using this in eq. (3.6) gives the order 1=m
Q




























The rst term in L
1
is the heavy quark kinetic energy. It breaks the avor





. It breaks both the spin and avor symmetries.
This is the Lagrange density at tree level. The coecients change when
one includes perturbative 
s










requires renormalization so its coecient develops a factor
a(), where the subtraction point dependence cancels that of the operator.









In dimensional regularization with minimal subtraction the kinetic energy
operator does not get renormalized to all orders in perturbation theory
and its coecient stays equal to unity. One way to understand this is as a
consequence of reparametrization invariance.
4. Reparametrization Invariance
A heavy quark's four-momentum can be written as the sum of m
Q
v and





v + k: (4.1)
This decomposition is not unique. Typically k  O(
QCD
) and a small




can be compensated by a change in k of




v ! v + "=m
Q
;
k ! k   "; (4.2)
leaves the heavy quark's four-momentum unchanged. Since the four-
velocity satises v
2
= 1 we must, at linear order in ", choose
v  " = 0: (4.3)























































fore the freedom to choose dierent heavy quark velocities v implies that
the theory should is invariant under [4]










































































































is invariant under the transformantion in eq. (4.8)
provided the coecient of the kinetic energy term is 1. Hence if a regulator
is used that preserves invariance under reparametrization transformations
the kinetic energy cannot get renormalized.





ical quantities. The quarks that are heavy enough for this to be useful





4:8 GeV, and m
t
 175 GeV: However m
t
is so heavy that it decays before
forming a hadron (t ! b+W , with a width of a few GeV). So the tools I
am developing here are only useful for the charm and bottom quarks.
5. Spectrum of Hadrons Containing a Single Heavy Quark
In the m
Q
! 1 limit hadrons containing a single heavy quark are clas-
sied (in their rest frame) not only by their total spin (i.e., total angular








For any angular momenta J its square is J
2





hadrons with a given spin of the light degrees of freedom s
`
come in







In the case of mesons with Qq avor quantum numbers two doublets have






and negative parity. For Q = c these spin 0 and spin 1 mesons are
the D and D

while for Q = b they are the B and B

mesons. The other





and positive parity. For Q = c the spin 1 and






There is a very useful phenomenological model that describes with sur-
prising accuracy the hadronic spectrum. It is called the nonrelativistic
constituent quark model. In this model the light u; d quarks have masses
of 350 MeV and the strange quark has a mass of 500 MeV. The quarks are
nonrelativistic and interact via a potential that is linear at large distances.
The quarks in the nonrelativistic quark model are not the ones destroyed
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and created by the elds in the QCD Lagrangian. They are quasi parti-
cles and their large masses arise from nonperturbative strong interaction
dynamics. In this model the ground state Qq meson has the light anti-
quark in an S-wave and the total angular momentum of the light degrees






and negative parity coming from the intrinsic parity of an anti-
quark. The rst excitations correspond to giving the light anti-quark one
unit of orbital angular momentum L = 1. Combining this orbital angular









. The parity is now positive because of the unit





Heavy quark symmetry and a little phenomenological \lore" helps pro-





, doublet is not








doublets decay to the
ground state mesons with emission of a single pion. The available phase
space is about 450 MeV and decay to more pions is probably suppressed.
Parity invariance implies that the one pion decay occurs in an even partial
wave, either L = 0 or 2. The decays D

2









 could occur in either L = 2 or L = 0. But in the
m
c





total widths must be equal, so the L = 0












) decay to D
()
 in an S-wave. Am-
plitudes that go through high partial waves are smaller than those that go










are narrow having widths around 20 MeV. The members





doublet decay in an S-wave and are expected to be
too dicult to observe because they are quite broad (i.e., widths greater
than  100 MeV).
6. v  A = 0 Gauge
Calculations in HQET can be performed in almost any gauge. However
in v  A = 0 gauge HQET perturbation theory is singular. Consider tree
level Qq elastic scattering in the rest frame v = v
r
= (1;0). In HQET
an on-shell heavy quark has a four-velocity v and a residual momentum k
that satises v  k = 0. Suppose the initial heavy quark has zero residual
momentum and the nal has residual momentum k = (0;k). The tree level


















in Feynman or Landau gauge (here u(k)=ku(0) = 0 was used). However in





























The heavy quark kinetic energy cannot be treated as a perturbation in this
gauge because this implies that v  k = 0 and the square brackets are ill de-
ned. Including the heavy quark kinetic energy in the Lagrangian the resid-











is not zero. At leading order it is the QQA vertex
from the heavy quark kinetic energy that contributes to elastic Qq scatter-
































doesn't contribute, and since u(k)=ku(0) = 0 only the
second term in the numerator of the propagator matters. For large m
Q
it































Fig. 1. Qq scattering via one gluon exchange.
For the calculation of on-shell amplitudes in v  A = 0 gauge the heavy
quark kinetic energy must be considered as leading and it is the QQA vertex
from this operator that gives rise to the leading Qq scattering amplitude.
However, for o-shell Green functions this gauge can be used in HQET,
with the kinetic energy treated as a perturbation. Since anomalous di-
mensions follow from such Green functions we can conclude, for example,
Heavy Quark Physics 15














is a charge density of the heavy quark spin-avor symme-
try and therefore cannot be renormalized.
7. Mass Formulae
The masses of hadrons containing a single heavy quark can be expanded
in powers of 1=m
Q

























































+ : : : ; (7.1)





is the energy of the light degrees of freedom in the m
Q
! 1 limit. It is
the same for both members of a spin symmetry doublet but of course is
dierent for dierent doublets. The kinetic energy term is also the same





























matrix elements in eq. (7.1) are taken in HQET with the hadron states
having zero residual momentum. There is a factor of two in the denomina-

































































































For the higher spin (s
+









































while for the lower spin (s
 









































































































+ : : : : (7.9)


























is independent of the heavy quark mass and 
2
has a weak logarithmic dependence on m
Q
. The dierence in mass between





















































. Here (and throughout these lectures) I use m
b
= 4:8 GeV and
m
c














(2420). The mass splitting between these states implies
Heavy Quark Physics 17








































are not well known. A determination from the lepton
energy spectrum in inclusive semileptonic B decay gives






, but the uncertainties are very large [7].





















































Here I used m
0
B
= 5:73 GeV [9]. There is considerable uncertainty in this
value because the peak of the B

 mass distribution measured at LEP may

















since the dependence on 
1






 is not very sensitive to the numerical choices for m
b;c
.
8. Covariant Representation of Fields



















elds into a single object that transforms
in a simple way under heavy quark spin transformations. The mesons are






. So the object we want should transform in this way under Lorentz












































is the usual Dirac four-component spinor representation













in eq. (8.1) is
18 M.B. Wise






































































is invariant under Lorentz transformations and heavy quark spin symmetry.




Decay in the m
Q
!1 Limit
In semileptonic K ! e
e









































The maximum value of q
2
corresponding to the zero recoil kinematic point
where the D
()
is at rest in the rest frame of the B meson. The minimum
value of q
2
occurs when the D

is recoiling maximally. Even though q
2
can
be of order m
2
c;b
the momentum transfer to the light degrees of freedom is
much less than the heavy quark masses. The momentum transfer to the






















decay a better variable than q
2
to use is the dot product
of B and D
()
four-velocities w = v  v
0
. It is related to q
2
by,


















For these decays 1 < w
<

1:6 and hence q
2
light
is small compared to the
heavy quark masses over the entire phase space. Consequently HQET is the
appropriate starting point. The invariant matrix element for the semilep-
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All the complicated nonperturbative strong interaction physics is in matrix











b. These matrix elements can be written in terms of Lorentz scalar
form factors and it is convenient for comparisons with the predictions of
HQET to write these form factors as functions of w = v  v
0
, where the
B meson has four-momentum p = m
B










. When we match onto HQET we use this choice
of four-velocities for the heavy quark elds and the heavy meson states.
This corresponds to setting the residual momentum of the B and D
()


















































































There are several features of these formulas that need explanation.
Firstly note that for the B ! D case there is no axial current matrix
element. This is a consequence of parity invariance of the strong interac-





























































































































































Similarly the i in the matrix element of the vector current between B and
D









in the denominator occurs because of our normaliza-




















the matrix elements on the left hand side become independent of m
Q
in
the large mass limit.
The rst step in using heavy quark symmetry to constrain the form






































transform in a particular way under heavy quark spin






then the operator is
invariant. For B ! D
()






in terms of B and D
()
elds constructed so that it transforms in


















is a general matrix written in terms of v; v
0
the gamma matrices


































each term in eq. (9.16) has
the same eect. We can equivalently write,
X =  (w); (9.17)
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where (w) is usually called the Isgur-Wise function. Taking the B ! D
()


















(w) = 0: (9.18)




is a generator of spin avor symmetry and its matrix
element is known. This implies that [2,12]
(1) = 1: (9.19)
The HQET Feynman rules are close to the full QCD Feynman rules
for residual momentum small compared with m
Q
. However, in loop inte-
grations the residual momentum gets arbitrarily large and for regions of
integration where k > m
Q
the HQET results are very dierent from those
in full QCD. Fortunately QCD is asymptotically free and therefore these
dierences can be taken into account by adding perturbative corrections
to the coecients of HQET operators. The perturbative corrections to the
matching of the weak currents onto HQET operators do not cause a loss
of predictive power since dimensional analysis dictates that the HQET op-








matrix elements of any operator of this type (not just those oc-






) are determined by . I will not
discuss such perturbative corrections in these lectures. An excellent review
of this subject, with references to the original literature, can by found in
[13].
10. Luke's Theorem for the 1=m
Q
Corrections
There are two sources of 1=m
Q
corrections to the form factors, corrections
to the currents and corrections to the states. Neither of them change the
matrix elements of the weak currents at zero recoil. This result is important
for the determination of the b ! c element of the Cabibbo-Kobayashi-
Maskawa matrix from exclusive B decays and is called Lukes theorem [14].















and those from corrections to the states arise from L
1
in eq. (3.11). I will






























for the relationship between the currents in full QCD and HQET. For the
B ! D
()






































































































are functions of w. But we have the following


















































Eqs. (10.6) allow us to express 
(b)
j
in terms of 
(c)
j
. The leading order




























(1 + w) + 
(c)
 







(1 + w) + 
(b)
 









(w). At zero recoil 
 
has no eect on the matrix element. At this














(1) = 0: (10.10)
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which vanishes in the trace of eqs. (10.3). Hence we conclude
that the order 1=m
Q
corrections to the current do not contribute to the
B ! D
()
matrix elements of the weak currents at zero recoil.
Now we consider the Lagrangian corrections. These are corrections to
the relation between heavy meson states in full QCD to those in HQET.













There are two types of terms in L
1
. One is the heavy quark kinetic energy.
It does not break the spin symmetry and so its eects can be absorbed into
a redenition of the Isgur{Wise function, (w). Next consider the charm




















































































































can contribute at zero recoil.
These Lagrangian corrections also preserve the normalization of matrix
elements at zero recoil. The 1=m
Q












! 1 state jP
(Q)()




















i = 0. So




corrections at zero recoil. In other words even
after absorbing kinetic energy correction into  we still have normalization




11. Kinematics of Inclusive B Decay
Semileptonic B-meson decays to nal states involving a charm quark arise





















In 3-body exclusive semileptonic decay one looks at xed nal states, like
De
e
. The dierential decay distribution has two independent kinematic





. The decay distribution
depends implicitly on the mass of the nal hadronic state which is treated
as a constant. In inclusive decays one ignores all details about the nal
hadronic state X
c
and sums over nal states containing a charm quark. In





that occur in exclusive
semileptonic decay there is a third variable which will be chosen to be q
2
,
the invariant mass of the virtual W -boson.



































































































). We work in the
rest frame of the B meson. After summing over nal hadronic states X
c
the only relevant angle is that between electron and neutrino. Integrating
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The square of the weak matrix element can be factored into a leptonic









































































































































is sum of electron and anti-neutrino four-
momentum. W







































































































where we have explicitly displayed the -function that sets the limit on









































occurs for cos  = 1 and the maximum for cos  =  1. The
maximum neutrino energy and q
2



















































The maximum electron energy is at q
2







































gives the neutrino energy as

































is equivalent to averaging over






























) = 0; (11.13)













parametrizes all the strong interaction physics
relevant for inclusive semileptonic B decay. It can be related to the dis-
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At xed q the time ordered product T

has cuts in the complex q
0



























The two cuts are well separated. The discontinuity in T across its cuts is































































The rst of these terms is just  W

. For q in the region of semileptonic









It is convenient to express T

in terms of Lorentz scalar form factors as








































's are also functions of q
2
and q  v. One can study the T
j
's in the
complex q v plane at xed q
2
. This is the Lorentz invariant way of phrasing
the analytic structure. For the cut associated with physical hadronic states


































Fig. 2. Contour for recovering integrals of the W
j
's from those of the T
j
's.
















. In this case





























; v  q) are related to integrals of T
j
over contour shown in Fig. (2).
The structure functions T
j
can be expressed in terms of matrix elements
of local operators using the operator product expansion (OPE) to simplify













The B-meson matrix element of the above time ordered product is T

.
The coecients of the operators that occur can be reliably computed in
perturbative QCD in a region that is far away from the cuts. These oper-
ators involve quark and gluon elds. They can be expanded in powers of
1=m
b
by making a transition to HQET.
Note that the contour in Fig. (2) necessarily touches the cut. However





plot and is a place where the kinematic restrictions are on the production





). In this region the OPE is expected
to give inclusive dierential decay rates that are valid locally (i.e, without
averaging over nal state hadronic masses) up to small corrections. If the
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contour pinched the cut near its endpoint at the right, there would be
very large corrections since this corresponds to a kinematic region near the




) Dalitz plot where the rate is dominated by
the production of low mass nal hadronic states with masses near m
D
.
At lowest order in perturbation theory the matrix element of this time


























From eq. (11.23) it is evident that (without including perturbative cor-
rections) the discontinuity across the cut in Fig. (2) is concentrated at
its endpoint. This is another reason why it is not a problem to have the
contour touching the cut far from this point.
12. b-quark Decay
The leading contribution to the decay rate comes from the order k
0
terms
in eq. (11.23). Reducing the product of 3 gamma matrices to a sum of






























































u. Hence the leading term in the OPE is obtained by replacing u
above with b-quark eld. To get the T
j



























)i = 0: (12.3)
Note that these are exact. In this case there is no need to make a transition
to HQET to determine the m
b
dependence of the matrix element. The rst
of eqs. (12.3) follows from b-quark number conservation and the second
30 M.B. Wise






















































The leading term in the OPE gives functions W
j
that correspond to free b-





the B meson semileptonic decay rate is equal to the b-
quark semileptonic decay rate.
13. The Chay{Georgi{Grinstein Theorem
































































After converting to HQET b-quark elds these produce terms in the op-






















. The second of these has zero B meson matrix element by



















. The general form for the





















jB(v)i = 0; (13.3)





quark decay picture for inclusive B meson decay [16].
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14. Higher Order Corrections to the Inclusive B Decay Rate.










the inclusive semileptonic B meson decay rate is equal to the free b-quark
decay rate.
The perturbative corrections can be included by calculating the pertur-













dimension 5 operators occur in the OPE. They are
the same operators that occur in the B meson mass formula. At this order





[17,18]. Similar results hold for the inclusive nonleptonic
B decay rate.
15. NRQCD
HQET is not the appropriate eective eld theory for systems with more
than one heavy quark. In HQET the heavy quark kinetic energy is ne-
glected. It occurs as a small 1=m
Q
correction. At short distances the static
potential between heavy quarks is determined by one gluon exchange and
is a Coulomb potential. For a Q

Q pair in a color singlet it is an attractive





Q hadrons (i.e., quarkonia) the kinetic energy plays a very





























































Fig. 3. One loop QQ scattering in HQET.
In fact the problem is more general than this. Consider, for example,
trying to calculate low energy QQ scattering in the center of mass frame
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in HQET. Setting v = v
r
= (1;0) for each heavy quark ( intitial residual
momenta are k






































integration is ill dened because it has poles above and below the
real axis at q
0
= i". This problem is cured by not treating the heavy quark
kinetic energy as a perturbation but rather including it in the leading order
terms.
Properties of quarkonia are usually predicted as a power series in v=c
where v is the magnitude of the relative Q

Q velocity and c is the speed of
light. For these systems the appropriate limit of QCD to examine is the
c!1 limit, where the QCD Lagrangian becomes an eective eld theory
called non-relativistic quantum chromodynamics (NRQCD) [21]. For nite
c there are corrections suppressed by powers of 1=c. In particle physics we
usually set Planck's constant divided by 2 and the speed of light to unity.







































The gluon eld strength tensor G
B

is dened in the usual way except that
g ! g=c.
All dimensionful quantities can be expressed in units of length [x] and





has units of 1=[t] since the action S =
R
Ldt is dimensionless. It is straight-
forward to deduce that the gluon eld has units [A]  1=
p
[x][t] and the
strong coupling g 
p
[x]=[t]. The fermion eld has units [ ]  1=[x]
3=2













For the fermion eld Q the transition from QCD to NRQCD follows the
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where  is a two-component Pauli spinor and the ? is with respect to
the rest frame four-velocity v
r
= (1;0). Using this, the part of the QCD






















 + : : : ; (15.6)
where the ellipses denote terms suppressed by powers of 1=c. Note that the
heavy quark kinetic energy is now leading. The replacement g ! g=c was
necessary to have a sensible c!1 limit.
Among the terms suppressed by a single power of 1=c is the gauge com-



















There is also a 1=c term involving the color magnetic eld B
c
=rA.
It is convenient to work in Coulomb gauge, r A
B
= 0. Then the part
of action that involves the gluon eld strength tensor and is quadratic in




































































The 0 component of the gauge eld does not propagate, and its eects on












Q systems the 0 component of the gluon eld typically has a four-






v). It is far o-shell and can
be integrated out of the theory giving rise to the Coulomb potential
















that are important [22]. The potential modes do not propagate and as
was done for A
0
the Lagrangian can be written without these elds ex-
plicitly appearing. However the propagating modes must appear explicitly.
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For these modes the gluon eld is rewritten in terms a scaled spatial com-






part of the kinetic term is as
important as the r
2
















+ : : : ; (15.11)





















































































with y = x=c.
At leading order in the 1=c expansion the radiation gluons do not in-








































A(0; t) + : : : is
suppressed by 1=c. This derivation of NRQCD has followed closely that in
Ref. [23]. (For a somewhat dierent scaling of elds see [24].)
The NRQCD Lagrangian does not have a heavy quark avor symmetry
because m
Q
explicitly appears in the kinetic energy term. However it
does have the spin symmetry. Furthermore, the leading interaction of the
propagating gluons with the heavy quarks also respects the heavy quark
spin symmetry.
In some respects the Feynman rules for this theory are a little unusual.
Coulomb exchange is denoted by a dashed line corresponding to a propa-
gator  i=k
2
and a vertex  igT
A
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and their interaction with heavy quarks is determined by eq. (15.13). It
gives rise to Feynman rules where energy is conserved at the vertices but
not the three-momentum. The transverse radiation gluons do not transfer
any three -momentum to the heavy quarks.





















and their coupling is similar to that of the quarks. The eld  creates a



















Fig. 4. Contribution to matrix element in Eq. (15.17).
The formalism developed above helps us understand the size of matrix

































spectroscopic notation). For cc quarkonia the lowest mass
state with these quantum numbers is the  and for b

b it is the . At leading
order it is only the Coulomb potential gluons that are relevant. Feynman
diagrams where a potential gluon is exchanged between the quark-anti-
quark pairs in eq. (15.17) vanish. Fig. (4) is such a diagram. The loop
36 M.B. Wise




































which is zero because all the poles in the k
0
integration are on the same
side of the real axis. This generalizes to all orders in perturbation theory



































Corrections to factorization come from radiation gluons and so are sup-
pressed by powers of v=c.


























i is a color singlet at least one radiation gluon must be exchanged
between the quark anti-quark pairs. Such a diagram is shown in Fig. (5).
But the coupling of the transverse gluon is proportional to p and averaging
					

























Fig. 5. Contribution to matrix element in Eq. (15.20).




imomentum space wavefunction, causes this diagram
to vanish. Two transverse gluon exchanges are needed to get a non-zero




is proportional to 1=c
3=2
.)









bb and cc systems this inequality is not satised. Often for
these systems one uses a modied power counting which is appropriate for







. In this situation the coupling of the radiation gluons




is suppressed by only 1=c and the leading contribution to the color-octet





It is easy to see that with g 
p
c for radiation gluons their nonabelian






































is of order unity if g 
p
c. Since the quark coupling to the radiation gluons






, the leading order quarkonia
states are still determined by the Coulomb potential. (Note that the strong
coupling for potential gluons retains the usual scaling g  1.) For the rest of






is used. (It would be useful to have a more systematic understanding of
this modication of the power counting.)






























The factors of m
Q
c in the denominator are inserted so that this operator
has the same dimension as those occuring in eqs. (15.20) and (15.17). Now
only a single radiation gluon is needed between the quark pairs. This matrix
element is also suppressed compared to that in eq. (15.17) by (v=c)
4
. Two
of the factors of 1=c coming from the radiation gluon vertex and two from
the explicit c's in the operator.
Radiation gluons have a novel coupling to heavy quarks. Usually in the






















integration for each loop. But the leading vertex for the




A(k) radiation gluon heavy quark interaction in L
int
contains










). At leading order in v=c
the radiation gluons do not transfer three-momentum. One consequence of



































































































from the spatial derivatives on the Q

Q




state this vanishes unless one
expands
~
A(x=c; t) in L
int
to m powers of 1=c [25]. The m'th term in
the expansion of
~
A gives a factor x
i
1













in the Feynman diagram the factor (k
i
1




















acting on the delta function.) The
Feynman integration over p
0






































The matrix element with the m derivatives acting on the 
y
 pair is sup-
pressed by (v=c)
m
compared with the matrix element where the m deriva-
tives act between the quarks in the 
y
 pair.
One of the most important recent developments in quarkonia physics is
the realization that octet matrix elements suppressed by powers of v=c are
sometimes more important than the analogous color singlet matrix element









quantum numbers) at large momentum transverse to the beam in pp scat-
tering [26]. At the present time this has only been observed for the case














Fig. 6. Color-octet quark anti-quark production from fragmenting gluon.
The production of quarkonia at large transverse momentum is dominated











, color octet conguration. The
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color octet cc pair omits radiation gluons producing a  X nal state. The












where the  carries a fraction z of the gluons momentum. The square
of the diagram in Fig. (6) gives a gluon fragmentation function that is




























i is proportianal to the fragmentation probability. In pertur-





























The hadronic matrix element above is evaluated in the  rest frame and
a sum over  polarizations is understood. The fragmentation function is
proportional to (1   z) since the radiation gluons carry away a fraction
of the  's momentum suppressed by (v=c)
2






eq. (15.27) comes from squaring the gluon propagator. To write the cross



















. The radiation gluons hadronize into a set of pions accompanying the




of the  's energy.
The fragmenting gluon is almost on shell. An on shell gluon has only
transverse polarizations and so the color octet cc pair produced by the
fragmenting gluon is also transversely aligned. Since the leading couplings
of the radiation gluons to the heavy quark preserve spin symmetry this
transverse alignment is transferred to the  in the nal state [27]. (There
are v=c [28] and perturbative 
s
corrections [29] that reduce this alignment
somewhat.)
There is a color singlet contribution to the g !  fragmentation func-
tion. It is calculated from Feynman diagrams like Fig (6), but with two
hard gluons radiated o the quark legs to make the heavy quark anti-quark
pair in a color singlet conguration. This contribution to the fragmentation
function is enhanced to (c=v)
4
compared to that in eq. (15.27). However, it






because of the two additional hard gluons.
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16. Conclusions
Over the last decade there has been remarkable progress in our ability to
predict properties of hadrons containing a single heavy quark and proper-
ties of hadrons containing a heavy quark anti-quark pair (i.e., quarkonia).
The application of heavy quark symmetry and the operator product ex-
pansion allows for model independent predictions for exclusive and inclusive
B decays. These predictions will play an important role in the determina-
tion of the b! c and b! u elements of the Cabibbo{Kobayashi{Maskawa
matrix. These lectures provide a rudimentary introduction to these meth-
ods.
Chiral perturbation theory and Lattice Monte Carlo techniques are also
useful in conjunction with the heavy quark methods developed in my lec-
tures. The latter has been discussed in other lectures in this school and
reviews on combining heavy quark and chiral symmetries can be found in
Refs. [30,31].
Recent advances in NRQCD have improved our understanding of the
decays and production of quarkonia. These results are particulary dramatic
for the the production of quarkonia at high energy accelerators where the
octet matrix elements often dominate.
NRQCD and HQET remain active areas of study and development.
Even without the discovery of dramatic new theoretical techniques the
continuing experimental developments will provide new and challenging
opportunities to apply these eective eld theories.
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